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Abstract
The hydrodynamic conservation equations and constitutive relations for a bi-
nary granular mixture composed of smooth, nearly elastic spheres with non-
equipartition energies and different mean velocities are derived. This research
is aimed to build three-dimensional kinetic theory to characterize the behav-
iors of two species of particles suffering different forces. The standard Enskog
method is employed assuming a Maxwell velocity distribution for each species
of particles. The collision components of the stress tensor and the other param-
eters are calculated from the zeroth- and first-order approximation. Our results
demonstrate that three factors, namely the differences between two granular
masses, temperatures and mean velocities all play important roles in the stress-
strain relation of the binary mixture, indicating that the assumption of energy
equipartition and the same mean velocity may not be acceptable. The colli-
sion frequency and the solid viscosity increase monotonously with each granular
temperature. The zeroth-order approximation to the energy dissipation varies
greatly with the mean velocities of both species of spheres, reaching its peak
value at the maximum of their relative velocity.
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1. Introduction
Granular mixtures [1, 2, 3], including e.g., landslides, avalanches and phar-
maceutical powders, are common in nature and industry. Granular mixtures
and ordinary molecular gas mixtures act differently [4, 5, 6, 7]. For a granular
mixture particularly engaged in rapid flow, nearly instantaneous and inelastic
collisions happen between particles, leading to dissipation. So it is necessary
to inject energy continuously to keep a steady state for a granular mixture.
Two ways of energy compensation are usually involved: boundary driving, as
vibration [3, 8] and shear [9], and bulk driving, as air-fluidization [10, 11] and
magnetic field [12]. Similar to a single species granular gas [13, 14], granular
mixtures are normally in non-equilibrium states. And it has been demonstrated
that the components in a granular mixture do not share the same granular
temperature [15, 16, 17, 18, 19].
The dense gas kinetic theory of Chapman [20] has been employed to quan-
tify rapid flow of granular mixture systems for decades [21, 22, 23, 6], in which
granular mixtures are assumed to be smooth, nearly elastic and spherical grains.
In literature, two approaches can be classified, as elaborated by Galvin et al.
[24]: the first one is derived via systematic expansion, such as Chapman-Enskog
method, and the second one is on the base of a hypothesized velocity distribu-
tion. According to the factors of the velocity distribution (Maxwellian or non-
Maxwellian velocity distribution), equipartition or non-equipartition (equal or
unequal granular temperature), radial distribution(standard Enskog or revised
Enskog theory [25]), system dimension (two or three dimensions), the second
approach can be further divided. Jenkins and Mancini [25] firstly derived consti-
tutive relations and balance equations by employing the Enskog equations with
the assumption that the velocities of two species of particles are Maxwellian
distributed, and the temperatures of two species were supposed to differ by in-
finitely small quantity. Based on the revised Enskog theory [26, 27, 28], more
exact theories with equipartition assumption were further developed, concerning
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the non-uniform, local equilibrium sate. The kinetic theory of non-equipartition,
binary granular mixtures with different sizes, masses and diameters was also ob-
tained based on the Enskog equations by Lu et al. [29, 30], where two granular
temperatures were assumed, respectively, for different sized particles. However,
both Rahaman et al. [30] and Iddir & Arastoopour [31] pointed out that Lu’s
collision rate between particles i and j, Nij , is not symmetric, that is, Nij 6= Nji.
Rahaman et al. [30] improved the integration processes by supposing the angle
between the relative and combined velocities of two species of particles i and j
is in the range of [0, 2pi], implying both of these velocities are two-dimensional
vectors. That treatment contradicts the three-dimensional derivation in their
work. Moreover, all the above derivations supposed that the mean velocities of
two species are identical, which is obviously not the case in gas-fluidized sys-
tems [32, 33, 34, 35]. The first approach developed by Garzo´ et al. [36, 37, 38]
was dedicated to solving perturbatively the Boltzmann equations to capture a
broader range of restitution. However, Galvin et al. [24] pointed out that the
application of the second approach could be extended to moderately dense sys-
tem, whereas the first one is limited to dilute granular gases. Recently Garzo´ et
al. [39, 40] extended the first approach to the (moderately) dense flow. Serero
et al.[41] further provided a hydrodynamic description of dilute binary gas mix-
tures comprising smooth inelastic spheres interacting by binary collisions with
a random coefficient of restitution. Both of these approaches have been used to
model the stress of particles in multiphase computational fluid dynamics (CFD)
[10, 42, 43, 44, 45].
It is worth noting that not only the binary granular mixtures but the air-
fluidized granular systems with identical spheres are also in non-equilibrium
states [25, 29, 30, 37]. In gas-solid circulating fluidized beds, dense clusters
[46, 47] with size of 10-100 times the particle diameter are suspended in the di-
lute broth of gas-solid mixture, whereas the particles accumulated in the cluster
and those dispersed in the dilute broth do not share the granular temperature
and mean solid velocity [47]. This is reasonable because the particles in the
dense cluster and dilute both suffer different drag forces [32, 35] which make
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the particles away from equilibrium states (share the same granular tempera-
ture). To illustrate this inhomogeneous structure, it is convenient to elucidate
the above situation by using two velocity distributions with two temperature
equations. Francisco et al. [48] presented a granular mixture model for elastic
spheres subject to drag force with different mean velocities which cannot de-
scribe dissipation. Thus, the kinetic theory [49] of double granular temperatures
and mean velocities makes sense not only for the binary granular mixtures but
also for CFD simulation of fluidization[43, 45, 50, 51].
In this paper we dedicate to deriving the constitutive relations and bal-
ance equations of two kinds of particles with unequal mean velocities and non-
equipartition energies using the standard Enskog theory. Sec. 2 provides a
binary collision frequency derived through their dependence on the velocity dis-
tribution function of a mixture of inelastic spheres. In Sec. 3, the hydrodynamic
descriptions are given based on the Boltzmann equation. In Sec. 4, the consti-
tutive equations are identified by macroscopic hydrodynamic variables. In Sec.
5 we discuss our results and compare with previous works. In Sec. 6, the main
conclusions are summarized.
2. Binary collision frequency
For a binary granular mixture composed of smooth, inelastic spheres of
species α and β with mass mi and diameter di, i = α,β, due to suffering in-
homogeneous external energy input, such as the different drag forces exerted
on fluidized particles, two species may have their own temperatures and mean
velocities, respectively. Here, we consider the most general case for binary col-
lisions. Let i and j represent either species α or β. For an inelastic collision
between two particles in species i and j, with velocity ci and cj , the relationship
between pre- and post- collision relative velocities cij = ci−cj and c′ij = c′i−c′j
yields
k · c′ij = −eij(k · cij) (1)
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where k ≡ rij/rij is the unit vector directing from the center of particle with
velocity ci to that of particle with velocity cj upon contact, specifying the
geometry of the impact. eij is the restitution coefficient between species i and
j. Angular velocities or rotations are not included in this paper. The velocity
of the center of mass G is defined as:
G =
mici +mjcj
m0
(2)
where m0 = mi + mj . At the moment of collision, the distance between two
centers of particles is dij = (di+dj)/2. The number of binary collisions between
species i and j at position r per unit time per unit volume has the form:
Nij =
∫
cij ·k>0
f
(2)
ij (ci, r, cj , r+ dijk) (cij · k) d2ijdkdcidcj (3)
where f
(2)
ij is the pair distribution function. Following Chapman and Cowl-
ing [20], the assumption of chaos allows us to write the correlation probability
function as a product of two single velocity distributions:
f
(2)
ij (ci, r, cj , r+ dijk) = χ(r+
1
2
dijk)fi (ci, r) fj (cj , r+ dijk) (4)
where the factor χ called Enskog factor equals to unity for a rare gas [20], and
reads [31]:
χ(r+
1
2
dijk) = gij =
djgii(εi, εj) + digjj(εi, εj)
2dij
(5)
in which
gii(εi, εj) =
1
1− (εi + εj)/εmax +
3di
2
∑
k=i,j
εk
dk
(6)
And εi and εj are solid volume fraction for species i and j, respectively, εmax
is the single-phase maximum packing, gij is the radial distribution function
between spheres of species i and j.
And we assume the velocities of both species of particles follow the Maxwellian
distribution:
fi (ci, r) = ni
(
mi
2piθi
)3/2
exp
[
−mi (ci − vi)
2
2θi
]
(7)
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where ni is the particle number density, vi is the mean velocity of species i,
and θi is the granular temperature defined as an ensemble average θi =
1
3mi <
(ci − vi)2 >.
For the binary mixture, the mean mass center velocity is defined by
v =
nimivi + njmjvj
nimi + njmj
(8)
The peculiar velocity is the relative velocity between the particle velocity and
the mean velocity
Ci ≡ ci − vi (9)
The diffusion velocity ui reads
ui ≡ vi − v (10)
which denotes the mean velocity of species i relative to the mean mass center
velocity.
Then the joint pair distribution function becomes
f
(2)
ij (ci, ri, cj , rj) =
1
8pi3
gijninj
(
mimj
θiθj
)3/2
exp
[
−mi (ci − vi)
2
2θi
− mj (cj − vj)
2
2θj
]
(11)
Using this pair distribution, the collision frequency becomes
Nij =
1
8pi2
d2ijgijninj
(
mimj
θiθj
)3/2
∫∫
cij exp
[
−mi (ci − vi)
2
2θi
− mj (cj − vj)
2
2θj
]
dcidcj
(12)
We can express the particles velocities in terms of G, cji as in literature
[29, 30], by expanding it in a Taylor series:
Nij =
1
8pi2
d2ijgijninj
(
mimj
θiθj
)3/2 ∫∫
cij exp[−AG2 −Dc2ji]
× [1− 2B(G · cji) + 2B2(G · cji)2 + ...]dGdcji
(13)
where
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Figure 1: The sketch of a binary collision.
A =
miθj +mjθi
2θiθj
, B =
mimj(θi − θj)
2m0θiθj
,
D =
mimj(miθi +mjθj)
2m20θiθj
The integration of the cross term G · cij needs to be stressed here. In Lu’s
model [29], the mass center velocity G and relative velocity cij in the cross
term are treated to be scalar. In Rahaman’s model [30], G and cij are assumed
in a two-dimensional plane, so the angle between G and cij are in the range
of [0, 2pi]. However, as illustrated in Fig. (1), in three-dimensional spherical
coordinates, the angle between two vectors G(r1, ϕ1, θ1), cij(r2, ϕ2, θ2) is
α = arccos(cosϕ1 cosϕ2 + sinϕ1 sinϕ2 cos(θ1 − θ2)) (14)
Integrate Eq. (13) using Eq. (14), we obtain
Nij =
1
4
gijd
2
ijninj
(
mimj
θiθj
)3/2 √
pi
A3/2D2
[
1 +
2B2
AD
+
3B4
A2D2
+
4B6
A3D3
+ . . .
]
(15)
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Due to the symmetry of collisions, the number of collisions of species i is
expected to equal the number of collisions of species j, i.e., Nij = Nji, which im-
plies that B in the expression of Nij should be raised to power of even numbers.
Our results satisfy this criterion.
3. Conservation equations
The velocity distribution function f (c, r, t) of each granular species of a
binary mixture subjected to an external force satisfies the Boltzmann (integro-
differential) equation [20]
∂f
∂t
+ c · ∂f
∂r
+ F · ∂f
∂c
=
(
∂f
∂t
)
coll
(16)
where
(
∂f
∂t
)
coll
is the change rate of distribution function f (c, r, t) due to par-
ticle collisions, F represents the external force such as gravity, buoyancy and
gas-solid drag force.
For species i, let ψi be any function of particle velocity ci. Multiply both
sides of Boltzmann equation by ψidci and integrate them throughout the velocity-
space, we could obtain the equation of change rate of the particle property, the
transport equation for the quantity ψi:
∂ni < ψi >
∂t
+∇·
ni < ciψi > + ∑
j=α,β
Pc,ij
 = ni < Fi· ∂
∂ci
ψi > +
∑
j=α,β
Nc,ij
(17)
where Pc,ij is the collisional part of the stress tensor, and Nc,ij the collisional
source term for particles in species i during the collision with particles in species
j. Here, we use the expressions of Pc,ij and Nc,ij given by Jenkins and Mancini
[25] in 1987:
Pc,ij(ψi) = −1
2
d3ij
∫
k·cij>0
(ψ′i − ψi) (k · cij)k
× f (2)ij
(
ci, r− 1
2
dijk, cj , r+
1
2
dijk
)
dkdcidcj
(18)
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Nc,ij(ψi) = d
2
ij
∫
k·cij>0
(ψ′i − ψi) (k · cij) f (2)ij
(
ci, r− 1
2
dijk, cj , r+
1
2
dijk
)
dkdcidcj
(19)
Setting ψi = mi, we get the balance equation of mass.
∂(nimi)
∂t
+∇ · (nimivi) = 0 (20)
Setting ψi = mici, we get the balance equation of momentum.
∂(nimivi)
∂t
+∇ · (nimivivi) =
−∇ ·
 ∑
j=α,β
Pc,ij(miCi) +Pk,i
+ nimiFi + ∑
j=α,β
Nc,ij(miCi)
(21)
Among it, Pk,i is the kinetic part of the stress tensor for species i.
Pk,i =
∫
miCiCifidci (22)
Setting ψi as
1
2mic
2
i and subtracting it by the product of the momentum bal-
ance equation (Eq. (21)) and hydrodynamic velocity vi, we obtain the balance
equation of granular temperature,
3
2
[
∂
∂t
(niθi) +∇ · (niviθi)
]
=
Pk,i + ∑
j=α,β
Pc,ij(miCi)
 : ∇vi −∇(qk,i + qc,i)
+ nimi < F ·Ci > +
∑
j=α,β
Nc,ij
(
1
2
miC
2
i
)
(23)
where qc,i represents
∑
j=α,β Pc,ij
(
1
2miC
2
i
)
, and qk,i is the kinetic part of en-
ergy flux which is given by
qk,i =
∫
1
2
miCiC
2
i fidci (24)
The above hydrodynamic equations (Eq. (20), Eq. (21), Eq. (23)) are based
on the continuity hypothesis for the granular system. So the established range
of our results are limited to the Navier-Stokes level.
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4. Constitutional relations
In this section, we aim at deriving several terms, such as Pk,i and qk,i. In
these derivations, the pair distribution function is employed as Eq. (11).
To begin with, we calculate the stress tensor P which is caused by two
mechanisms, each contributing one part to P [52]. The first is the kinetic part
of the stress tensor, denoted by Pk,i as defined in Eq. (22). It results from
the motion of all particles with mean velocity vi without any effect of particle-
particle collisions.
Calculated from the first-order approximation to the distribution fi, Pk,i
becomes
Pk,i = niθiIˆ− 2µi,dil
gii
(
1 +
2pi
15
d3inigii(1 + ei)
)
∇˚svi (25)
where Iˆ is the unit tensor, ei is the restitution coefficient between particles in
species i, and µi,dil is the viscosity for dilute suspensions [10], expressed as
µi,dil =
5mi
√
piθi
16pid2i
(26)
The second part of the stress tensor P describes the momentum transfer
caused by collisions. It is denoted by Pc,ij(miCi). We obtain it by setting
ψi = miCi in Eq. (18).
Pc,ij(miCi) =− 1
2
d3ij
∫
k·cij>0
(
miC
′
i −miCi
)
(k · cij)k
× f (2)ij
(
ci, r− 1
2
dijk, cj , r+
1
2
dijk
)
dkdcidcj
(27)
We still adopt the expansion of f
(2)
ij
(
ci, r− 12dijk, cj , r+ 12dijk
)
in the paper
[29], then,
Pc,ij(miCi) =
∑
j
[−1
2
gijd
3
ij
∫
cij ·k>0
mi(C
′
i −Ci)(cij · k)kfifjdkdcidcj
− 1
4
gijd
4
ij
∫
k·cij>0
mi(C
′
i −Ci)(cij · k)kfifj∇ln
fj
fi
dkdcidcj]
=
∑
j
(P1c,ij +P
2
c,ij)
10
(28)
where P1c,ij and P
2
c,ij indicate above two integrations, separatively. We assume
the diffusion velocity ui and uj approaches zero, so a factor exp(−mi2θiu2i−
mj
2θj
u2j )
becomes 1. Using the integration technology [20, 53], we get
P1c,ij =
pi
48
1
A3/2D5/2
d3ijΩ
(
1 +
5B2
2AD
+
35B4
8A2D2
+ . . .
)
Iˆ (29)
and
P2c,ij =
√
pi
96
d4ijΩ
{(
B
mi
θi
R1 − 1
θi
mimj
m0
R7
)
Sˆ [∇,vi]
−
(
B
mj
θj
R1 +
1
θj
mimj
m0
R7
)
Sˆ [∇,vj ]
} (30)
where we denote a tensor Sˆ as the function of two vectors v and w,
Sˆ[v,w] = 4
5
[v˚w]s +
2
3
[v ·w]Iˆ (31)
vw means the dyadic of two vectors. For any tensor Xˆ, the superscript means
˚ˆ
Xs =
1
2
(Xˆ+ Xˆ)− 1
3
(
Xˆ : Iˆ
)
(32)
where the notation X is conjugate of X. And the following substitutions are
used in Eq. (30).
R1 =
1
A5/2D3
, R2 =
1
A5/2D7/2
, R3 =
1
A5/2D4
, R4 =
1
A7/2D3
, R5 =
1
A7/2D4
,
R6=
1
A3/2D5/2
(
1+
5B2
2AD
)
, R7=
1
A3/2D3
(
1+
3B2
AD
)
, R8=
1
A3/2D7/2
(
1+
7B2
2AD
)
,
R9=
1
A5/2D5/2
(
1+
25B2
6AD
)
, R10=
1
A5/2D5/2
(
1+
11B2
2AD
)
, R11=
1
A5/2D3
(
1+
5B2
AD
)
,
R12 =
1
A5/2D4
(
1 +
4B2
AD
)
, Ω = (1+eij)
mimj
m0
gijninj
(
mimj
θiθj
)3/2
Consequently, we acquire the total particle pressure pi from the normal term of
the sum of Pk,i (Eq. (25)) and Pc,ij (Eq. (29), Eq. (30))
pi =niθi +
∑
j
pi
48
1
A3/2D5/2
d3ijΩ
(
1 +
5B2
2AD
+
35B4
8A2D2
+ . . .
)
(33)
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In addition, the coefficient of viscosity µi is defined from the the shear term
of the sum of Pk,i (Eq. (25)) and Pc,ij (Eq. (29), Eq. (30)), thus
µi =
µi,dil
gii
(
1 +
2pi
15
d3inigii(1 + ei)
)(
1 +
2pi
15
d3inigii(1 + ei)
+
2pi
15
njmj
m0
d3ijgij(1 + eij)
)
+
∑
j
√
pi
240
d4ijΩ
(
mimj
m0
1
θi
R7 −Bmi
θi
R1
) (34)
The momentum source term ψi involved in Eq. (21) is therefore
Nij(miCi)
= d2ij
∫
k·cij>0
(
miC
′
i −miCi
)
(k · cij) f (2)ij
(
ci, r− 1
2
dijk, cj , r+
1
2
dijk
)
dkdcidcj
=
∑
j
φ1ij + φ
2
ij
(35)
where
φ1ij = −
mimj
m0
d2ij(1 + eij)
∫
cij ·k>0
(cij · k)2kfifjdkdcidcj (36)
φ2ij = −
mimj
m0
d3ij
2
(1 + eij)
∫
cij ·k>0
(cij · k)2kfifjk · ∇ ln fj
fi
dkdcidcj (37)
whence, to the same approximation and integration,
φ1ij =
1
12
√
pi
A5/2D3
d2ijΩ
[
mimj
m0
(
uj
θj
− ui
θi
)(
A+
3B2
D
)
+B
(
mi
θi
ui +
mj
θj
uj
)]
(38)
φ2ij =
pi
32
d3ijΩ
{
∇ ln θj
θi
R6 − 1
2
(
mj∇θj
θ2j
− mi∇θi
θ2i
)
R9
− 5
6
mimj
m20
(
mi∇θj
θ2j
− mj∇θi
θ2i
)
R8 − 5B
3
mimj
m0
(
∇θj
θ2j
+
∇θi
θ2i
)
R2
} (39)
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As defined in Eq. (24), qk,i denotes the kinetic energy flux due to the
particle transport without collisions. Using the zeroth-order approximation,
qk,i is found to be equal to zero, since the integration is on the odd power of
the velocity Ci.
Extending qk,i to the first-order approximation, we obtain
q
(1)
k,i =
κi,dil
gii
[
1 +
pi
10
nid
3
i gii(1 + ei)
2
]
∇θi (40)
where κi,dil is the conductivity for dilute particle phase, expressed as κi,dil =
5
2µi,dilCV , and CV =
3
2mi
.
The collisional contribution to the energy flux is determined byPij
(
1
2miC
2
i
)
,
where
Pij
(
1
2
miC
2
i
)
= −mi
4
d3ij
∫
k·cij>0
(
C′2i −C2i
)
(k · cij)kf (2)ij
(
ci, r− dij
2
k, cj , r+
dij
2
k
)
dkdcidcj
= q1c,ij + q
2
c,ij
(41)
and
q1c,ij = −
d3ij
2
∫
k· cij>0
(
1
2
miC
′2
i −
1
2
miC
2
i
)
(k · cij)kfifjdkdcidcj (42)
q2c,ij = −
d4ij
4
∫
k·cij>0
(
1
2
miC
′2
i −
1
2
miC
2
i
)
(k · cij)kfifjk ·∇ ln fj
fi
dkdcidcj
(43)
Among them, 12mi(C
′2
i − C2i ) is the kinetic energy change for species i in one
collision. As noted above, the collisions between the particles are inelastic, so
the kinetic energy change during a collision is
1
2
miC
′2
i −
1
2
miC
2
i =
mi
2
[
m2j
m20
(1 + eij)
2(cij · k)2 − 2mj
m0
(1 + eij)(cij · k)(Ci · k)
]
(44)
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Substituting Eq. (44) into Eq. (42) and Eq. (43), we obtain
q1c,ij =
pi
96
d3ijΩ
{(
miui
θi
+
mjuj
θj
)(
R10 +
3B
2
mj
m0
(eij − 1)R2
)
−mimj
m0
(
ui
θi
− uj
θj
)(
3BR2 +
3
2
mj
m0
(eij − 1)R8
)} (45)
q2c,ij =
√
pi
384
d4ijΩ
{
− 4mimj
m0
[
R1 + 9B
2R5 + 3B
mj
m0
(eij − 1)R3
](∇θi
θ2i
+
∇θj
θ2j
)
+
[
6
mj
m0
(eij − 1)R7 + 12BR1
]
∇ ln θj
θi
−
[
3mj
m0
(eij − 1)R11 + 10BR4
]
×
(
mj∇θj
θ2j
− mi∇θi
θ2i
)
− 6mimj
m20
[
mj
m0
(eij − 1)R12 + 2BR3
](
mi∇θj
θ2j
− mj∇θi
θ2i
)
− 2mj
m0
(eij − 1)
[
mj
θj
(
mi
m0
R7 +BR1
)
Sˆ[∇,vj ] · ui
+
mi
θi
(
mj
m0
R7 −BR1
)
Sˆ[∇,vi] · ui
]}
(46)
Finally, we substitute ψi with energy
1
2miC
2
i , then collision part of energy
dissipation term can be written as
Nij
(
1
2
miC
2
i
)
= d2ij
∫
k·cij>0
mi
2
(
C′2i −C2i
)
(k · cij) f (2)ij
(
ci, r− 1
2
dijk, cj , r+
1
2
dijk
)
dkdcidcj
= γ1c,ij + γ
2
c,ij
(47)
where
γ1c,ij = d
2
ijgij
∫
k·cij>0
(
1
2
miC
′2
i −
1
2
miC
2
i
)
(k · cij) fifjdkdcidcj (48)
γ2c,ij =
1
2
d3ijgij
∫
k·cij>0
(
1
2
miC
′2
i −
1
2
miC
2
i
)
(k · cij) fifj∇ ln fj
fi
dkdcidcj (49)
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Following the above integration method, γc,ij includes
γ1c,ij =
√
pi
8
1
A3/2D3
d2ijΩ
{(
1 +
3B2
AD
)[
mj
m0
(eij − 1)
+
2
3
mimj
m0
ui ·
(
ui
θi
− uj
θj
)]
+
2
3
B
A
[
3− ui ·
(
mi
θi
ui +
mj
θj
uj
)]} (50)
and
γ2c,ij =
pi
16
d3ijΩ
{[
mj
θj
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]} (51)
5. Results and discussion
We now evaluate our theory predictions by comparing with the previous
works. In order to particularize the general results given in the the above section,
we adopt the typical fluidized bed conditions used in Ref. [30]. The parameters
include masses mi = 2.79 × 10−10 kg, mj = 6.62 × 10−10 kg, diameters di =
dj = 5 × 10−4 m, the restitution coefficients eij = ei = ej = 0.9, the granular
temperature ranges from 1.5 × 10−11 kg m2/s2 to 10 × 10−11 kg m2/s2, the
volume fractions εi = εj = 0.25, εmax = 0.638.
We begin with the collision frequency Nij which presents the number of col-
lisions between particles of species i and j per unit time and per unit volume.
Nij is expected to be equal to Nji due to the symmetric character in collisions.
In the Nij expression, the parameters A and D are symmetric about i and j,
but B is not. To ensure symmetry of Nij , the expression of Nij should only
contain even powers of B. Our result ( Eq. (15)) agrees well with this. Fig. (2)
plot 3D surfaces of scaled collision frequency of Eq. (15) in terms of granular
temperature of two species and comparison with previous results [29, 30]. Nij
is scaled by d2ijninjg considering that Nij vary greatly in different value of the
Enskog factors (here, denoted by g). Three surfaces intersect at line θi = θj .
Furthermore, we can observe that our surfaces are higher than the Lu’s predic-
tion and lower than Rahanman’s when θi > θj . This is expected as the Lu’s
profile can only be applied in energy equipartition systems as pointed in [31],
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Figure 2: Surfaces of scaled collision frequency in terms of two granular temperatures θi
and θj of our results (Eq. (15)), Rahaman’s result [30] and Lu’s result [29], where mi =
2.79× 10−10 kg, mj = 6.62× 10−10 kg. Nij is scaled by d2ijninjg.
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Figure 3: Profiles of scaled collision frequency as a function of granular temperature θj , where
θi = 4 × 10−11 kg m2/s2 , mi = 2.79 × 10−10 kg, and mj = 6.62 × 10−10 kg. Nij is scaled
by d2ijninjg.
which may underestimate the collision frequencies, whereas Rahaman’s hypoth-
esis implies all the collisions happen in a plane, which obviously overestimates
the collision frequency. When θi < θj , The value of Eq. (15) is still smaller
than Rahanman’s results. Variation or error of Nij of Lu’s results become large
due to negative B.
To have a closer examination, we plot a cross section of Fig. (2) as a function
of granular temperature θj when θi = 4 × 10−11 kg m2/s2 which is illustrated
in Fig. (3). It can be seen that our results intersect with the Rahaman’s and
Lu’s results at the point θi = θj = 4 × 10−11 kg m2/s2 which confirms that
these three results are equal at θi = θj . Besides, we could find that Rahaman’s
Nij decreases in the region θi > θj , and increases in the region θi < θj with
increasing θj , but our results show that Nij increases with increasing θj in both
of two regions. As the collision frequency increases with the increase of granular
temperature, the value of Nij of the region θj < θi = 4 × 10−11 kg m2/s2 is
supposed to be smaller than that of point θj = θi = 4× 10−11 kg m2/s2. So we
17
Figure 4: Surfaces of scaled collision frequency in terms of two granular temperatures θi and
θj , where (a) mi = mj = 2.79× 10−10 kg; (b) mj = 2.79× 10−10 kg, mi = 6.62× 10−10 kg;
(c) mi = 2.79× 10−10 kg, mj = 6.62× 10−10 kg. Nij is scaled by d2ijninjg.
can expect that our results are more reasonable than Rahaman’s.
In Fig. (4), We plot Nij in Eq. (15) in terms of granular temperature of
two species under various mass ratios, (a) mi = mj = 2.79 × 10−10 kg; (b)
mi = 2.79 × 10−10 kg, mj = 6.62 × 10−10 kg; (c) mj = 2.79 × 10−10 kg,
mi = 6.62 × 10−10 kg. Surface of collision frequency Nij with mi = mj (a) is
symmetric about the θi = θj . If mi 6= mj , the surface of collision frequency
Nij tilts about θi = θj axis. We exchanged the mass mi and mj , the sur-
face (b) and (c) is symmetric about θi = θj . Fig. (5) show the variation of
the collisional stress component (zeroth-order approximation) with two gran-
ular temperatures. The main figure includes three results: Rahaman’s, Aras-
toopour’s and Eq. (28), and the inset adds Lu’s results. It could be found that
our results are tangent to Arastoopour’s at θi = θj and are very close to Ra-
haman’s results. In Arastoopour’s results [31], P1c,ij reaches its maximum near
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Figure 5: Surfaces of collision stress P1c,ij as a function of granular temperature θi and θj ,
where mi = 2.79× 10−10 kg, mj = 6.62× 10−10 kg, and eij = 0.9. The main figure includes
three results: Rahaman’s, Arastoopour’s and Eq. (28) and the inset figure adds Lu’s results.
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Figure 6: Surfaces of scaled viscosity as a function of granular temperature θj and θj , where
mi = 2.79 × 10−10 kg, mj = 6.62 × 10−10 kg, εi = εj = 0.25, εmax = 0.638, di = dj =
5× 10−4 m, and ei = eij = 0.9.
the point of maximum of |θi−θj |, i.e (1.5×10−11 kg m2/s2, 10×10−11 kg m2/s2)
and (10 × 10−11 kg m2/s2, 1.5 × 10−11 kg m2/s2) in Fig. (5). While our
results shows the maximum of P1c,ij at maximum of both of θi and θj , i.e.
(10×10−11 kg m2/s2, 10×10−11 kg m2/s2) in Fig. (5). Such difference may be
caused by that Arastoopour’s work [31] is based on the assumption that interac-
tion between particles from two species is only at the interface, while our results
are free of this assumption and hence the integration of Eq. (28) is complete.
Fig. (6) plots the solids shear viscosity (Eq. (34)) and its comparison with
Lu’s [29] and Rahman’s [30] results. Because the Enskog factor in Lu’s paper
is much larger than the rest (g = 58 in paper [29], g = 1.68 in paper [30] and
g = 5.52 in our case (Eq. (6)) ), we scaled Lu’s results [29] to make these
three viscosities can be drawn in one figure. Unlike Rahaman’s result where the
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Figure 7: Surfaces of the energy dissipation γ1c,ij as a function of mean velocities ui and uj ,
where εi = εj = 0.25, εmax = 0.638, di = dj = 5×10−4 m, θi = θj = 3.9000×10−11kg m2/s2,
mi = 2.79× 10−10 kg, mj = 6.62× 10−10 kg and eij = 0.9.
viscosity has a minimum at θi = θj , our result shows that the µi is still mainly
determined by θi and the maximum of viscosity appears at the maximum of θi,
which demonstrates that the dilute viscosity increases with the increase of the
granular temperature.
The model proposed in this article allows different granular temperatures,
mean velocities and diameters, masses, etc. In the previous discussion, the
parameters such as the collision frequency and shear viscosity seem to be only
affected by granular temperatures and masses, but not by mean velocities of
particles of two species. Previous researches [29, 30] are not accountable to two
different mean velocities, either. To investigate the influence of mean velocities,
Fig. (7) illustrates the surface of energy dissipation component γ1c,ij (Eq. (50))
in terms of two mean velocities. It can be found that when the mean velocities
are not equal, γ1c,ij varies greatly, reaching its peak when ui is maximum and
uj is minimum. So the difference of two mean velocities should not be ignored.
In an air-fluidized bed, the mean velocities of clusters and dispersed particles
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are usually not equal to each other. Our model is sensitive to this factor. And
more elaborate validation needs further efforts.
6. Conclusion
In this paper, we develop a kinetic theory based model for a three-dimensional
binary granular mixture with different masses, sizes, mean velocities, densities
as well as granular temperatures, using standard Enskog theory. The integra-
tion of the inner product of relative velocity cij and combined velocity G is
properly treated in three-dimensional space.
The computed collision frequency and particle viscosity coefficient increase
monotonically with the increase of granular temperature of each particle species.
Our results also show that the energy dissipation component depends heavily
on the mean velocities of particle species, thus, difference of mean velocities, if
any, should not be overlooked.
Compared with previous work, our research enriches and consummates the
previous theories and is more suitable for the multi-type particle theory in gas-
solid flow systems. This work can be applied in the case that the effect of energy
non-equipartition and unequal mean velocities is distinct, e.g., binary granular
mixture or fluidized bed.
We must remind ourselves that the granular binary hydrodynamics equa-
tions, as outlined in previous sections of this article, can only deal with the
dilute and near elastic granular systems. We argue that our model[54] is closer
to the real behavior of dilute granular flow in air-fluidized beds than the previous
results.
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